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Abstract

| have analyzed and compared the noise property and accofatyee

kinds of Abel inversion technique, i.e., the polyna interpolation,

versatile polynomial fitting (VPF) and modified Fourier-Htah (MFH) methods. All these techniques will amplify noisaedto the intrinsic

property of Abel inversion. A technique that is more sewusitio noise

also has a higher inversion accuracy for dataowfthoise. Among

the techniques without noise resisting property, the ttedree polynomial interpolation and MFH methods have amaige performance and
give higher inversion accuracies than other techniques. lABF and MFH methods, which can be used without extra filgeoihnoise, yield
markedly better results compared with those obtained bygusdise filters in advance of inversion. Both of these twohmes$ can be considered
for applying to experimental data if there are no better diming techniques available.

1. Introduction

In many areas of physics and engineering, such as plasm

diagnostics [2] and combustion research [3], the measiiged s
nals are usually the line-of-sight integration of certahyg-
cal quantity within the object. To reconstruct the local wjtits

from experimental measurements, tomography techniques ar

therefore required. Particularly, for a cylindrically syratric
and optically thin radiation source with radiRsthe measured
lateral intensities are connected by the radially distedemis-
sion coefficients, which can be described by the forward Abel
transform:

(%) _Z/XR\/%dr. )

And the inverse Abel transform for reconstruction of the ®mi
sion coefficient is given by

1 /R 1(x)
e(r) n/r Nrar @)
wherel’(x) = dI (x) /dx.

In practice, Eq. (2) cannot be directly applied to experi-
mental data because the measured intensities are disatete v
ues and the derivative of the intensity and the singulanityhe
integration exist, which will greatly amplify the uncentties
in the experimental data, especially for the region closthéo

source center. To overcome these difficulties, a large numbe

used techniques such as the inversion based on piecewise pol
nomial least-squares fitting [7—9] and Fourier-Hankel¢farm

"110—13] have not been systematically compared so far. Since

experimental data are unavoidably contaminated by ndige, i
important to know the performance of different inversiochte
niques under the practical condition with uncertaintiealyO
the technique that can yield better results in the case afrexp
imental data with noise will be more valuable.

In this study, | compare the noise property and inversion
accuracy of techniques using polynomial interpolatioecpk
wise polynomial least-squares fitting and Fourier-Hantai$-
form. For the technique without noise resisting propertyse
in the projection data was filtered by using different smeoth
ing methods. Under such condition, the performance of all th
inversion techniques can be compared fairly. In the foliayvi
sections, we first describe the different inversion teches
then analyze and compare the noise property and accuracy of
these techniques, and at last show an example of the teawmiqu
being applied to experimental data.

2. Numerical Abel inversion methods

As the intensities measured are always in sets of discrete
data, it is convenient to take the inversion using a discrete
method that directly connects the studied values to the ex-

of techniques have been developed over the past years. TechRerimentally obtained intensities by a two-dimensionalrina

niques based on both Egs. (1) and (2) have been propose
Most techniques use Eq. (2) to take the inversion by reptesen
ing the intensity profile with an analytical function. Onetbé
approaches uses the polynomial interpolation techniqus [4
to approximate the intensity profile. Because this kind ohte
nique does not consider the uncertainties in the intensitg,d
extra noise filtering should be performed before the ineersi
Fitting the intensity profile in the whole interval with a gie
polynomial [6] will distort the intensity distribution, tis piece-
wise polynomial least-squares fitting [7—9] has been sugdes
for achieving a better inversion accuracy. Other techrsgueh
as representing the intensity profile based on Fourier [2D-1
and Gaussian [14,15] basis expansion functions have ato be
proposed.

The basic quantity for an ideal numerical Abel inversion
technique should be that it is accurate, stable and conipotat
ally efficient. The performance of some inversion techngque

Onamely

1 N
£(I’i):EJ;Dij|(Xj), )
whereN is the number of the projection data on one side of
the sourcer; =iAr (i=0,1,...,N), xj = jAx(j =0,1,...,N),
andAr = Ax = R/N. Since for the reconstruction &fr;) only
a single summation is performed, the reconstruction speied w
be fast if the inversion matri®;; is calculated in advance. As
shown in the following, most of the inversion techniques can
be written in the form of Eq. (3).

2.1. Third-degree polynomial interpolation technique

The method proposed by Bockasten [5] has a higher accu-
racy compared with other polynomial interpolation basethte
niques. In Bockasten’s paper, the intensity profile at eaeh i
terval between two adjacent data points was represented by a

has been compared in previous studies [16-18]. Most of thecubic polynomial. For the interval near the source center th

comparison, however, is only limited to the techniquesiestd
filtering the noise in advance of the inversion. Other widely
Email: shl gma@.26. com (Shuiliang Ma).

constraint’(0) = 0 was applied, and the intensity profile in the
edge interval was approximated with a second-degree pelyno
mial. Only part of the expressions for calculating the isi@n
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matrix Djj is presented in [5]. For convenience, we write the where

. . . X0
inversion matrix as C _/ f (11)
0, 2<i<N-10<j<i-2
b
Uo(i,j), 1<i<N-1j=i-1, ot (X) = x2b|+x13H <2X>;X“>;Xﬁ>, (12)
Dij ={ Ui(i,j), 0<i<N-1,j =i, ) . e .
with dnm the coefficient ok™ in f,(x) andR (y) the Legendre
Ua(i,j), 0<i<N-2 j=i+1, polynomial [19] of degree defined over—1, 1]. Taking an
Us(i,j), 0<i<N-3i+2<j<N-1, exchange in the order of summation in Eq. (10) and comparing
- with Eq. (8), one obtains
where M
m 2 -2tk = Cnidnim- 13
Un(i, j) = _%%;elijl/ B :zdt. 7 ®) anm |:Zm nlOnim (13)
_ I=0k= a ! The value ofc, was calculated based on Eq. (11) with the
with 6|{( the elements of matri®;. For 1< j <N -2, assumption that the intensity d&ta) is one period of a periodic
function. More details can be found in [8].
—-(3j°+6j+2)/6 j+1 -1/2 The performance of the VPF method is determined by sev-
(38j2+4j—1)/2 —3j—2 3/2 eral parameters, such as the number of segments, the dégree o
Q)= _ _ ) ; (6) the polynomial in each segment, and the length of the segment
—-(3j4+2j-2)/2 3j+1 -3/2 for approximation (the overlapping factm). It is found that
(3j2-1)/6 —j 1/2 in most cases good results can be obtained With 5, M = 6,

and varying the value g [9].
and forj = 0 andN — 1, respectively,

0 0 O ~“N+1/2 1 0 2.3. Fourier transform based techniques
Provided the intensity functior(x) in Eq. (1) is symmetric
o= 0-7/29/4 . On1= MN-2 -20 ) and continuous, it may be expanded as a summation of cosine
0 4 -3 0 00 basis functions [10]:
0-1/2 3/4 0 00 I(x) =20+ 5 akcos<|%x) , (14)
The integration in Eq. (5) has an analytical expressiors Ehy ) k=1 ) o o
can be easily calculated. whereay are the Fourier expansion coefficients. Substituting
Eqg. (14) into Eqg. (2), we get
2.2. Versatile polynomial fitting technique £(r) = n z kag(k/R1,R), (15)
In a more general case, the intensity profile can be repre- R &
sented by piecewise polynomials. Considering separatieg t \here
. , : R o
whole interval0, R] into K segmentsd,(x) can be approximated 9(w.1.R) = E/ sin(wx) dx. (16)
as [9] T 2 _r2
Note that the lower limit of the integration is singular amd a
Z @h (X)Pam (X z wh(x z anmX",  (8)  oscillate term exists, thus the value gfw,r,R) is difficult to
calculate.
where wh(x) = 1 for x,—1 < X < X, and wn(x) = 0 otherwise, If the source radiuR — o, theng(w,r,R) — Jo(cwr) and
andPyw(x) is a polynomial of degred defined overxd, x3] the summation in Eq. (15) should be replaced by integration,

with X3 < Xp_1 < X < xb The overlapping factor is defined Eq. (15) becomes

asp = (X2 —x3)/R. Subst|tut|ng Eq. (8) into Eqg. (2) and with 1 e
some simplifications, we have e(r)= ZT/O G(w) wJp(wr)de, a7
Xn o xm—1 whereG(w) is the continuous Fourier transform bfx) and
r=--= Zk Zlma"“[ank/r T rzdx Jo(wr) is the zero-order Bessel function of the first kind [20].
n=xm= By taking the Fourier transform dfx) of Eq. (1) and chang-
1— 5nk)/ dx|, 9) ing the variables of integration to polar coordinates, i t&
( 1 VX2 —r? } shown that the Fourier transform bfx) is equal to the zero-

order Hankel transform of(r). Therefore, Eqg. (17) can also
be obtained from the inverse Hankel transforn3gto). This
is the so-called Fourier-Hankel transform method.

With frequency spacindw = am/R, Eq. (17) can be dis-

where 1< k <K, xc_1 <r < Xy, &(r) is the expression of the
emission coefficient for thkth segmentg.y is the Kronecker
o-function, and the intervg0, R is normalized td0, 1], i.e.,
Xo = 0 andxx = 1. Eq. (9) is called the versatile polynomial

fitting (VPF) method. cretized as N
The fitting coefficientsa, in Eq. (9) can be calculated as N a’n aikm
follows. With fy(x) as orthogonal polynomial basis functions, £(r) = mk;kG(ak)Jo ’ (18)
Pam(X) can be expanded as where
M M Slak Nzl I ajk 19)
Pim(X) = cnifri(X) Crt OnimX™, (10) (X; COS( )
|;J |Z) Z j==N N



The value ofor should be< 1 to make sure the Nyquist criteria
[21] is satisfied. Decreasing the valuemfneans interpolation
of 1(x) in frequency domain which is equivalent to padding
zeros in space domain. Thus the radius of the source is eedend
from R to R/a with the value ofa being changed from 1 to
a. Eq. (17) is valid only folR — . To make this condition be
approximately satisfied, a small valueafshould be used and
at the same time all the Fourier components should be rekerve
In this case, the discretized form of Eq. (17) is modified & [1

a’m N [N/a] aik ajkrr)
eri)=—=9Y wjl(x k —— |cos| ——
=g 2l 3 k(") eos( “FT).

(20)

where wj = 0.5 for j =0 andN and w; = 1 otherwise,y|

denotes the nearest intege€ry, andn is a smoothing factor

on the interval(0, 1]. Eq. (20) is called the modified Fourier-

Hankel (MFH) method.

3. Noise property
3.1. Theoretical analysis

The singularity and the derivative of projection in Abel
inversion will cause a larger uncertainty in the recons&rdc

of band-limited white noise also shows that the high freqyen
noise components will cause a higher uncertainty in therreco
structed values and the uncertainty becomes larger towlaeds
source center [23]. Since most measured signals can bexappro
imated by a few low frequency components of the Fourier ex-
pansion, the higher frequency components that are dondinate
by noise should be removed to reduce the effect of noise for
inversion techniques without smoothing function.

3.2. Numerical comparisons

All the inversion techniques presented in Sec. 2 can be
written in the matrix form of Eq. (3), so the noise amplificati
property of these techniques can be directly compared witho
knowing the shape of the projection profiles. If the derieti
of the noise in each projection is the same and independent
of the data positions, the noise coefficient that represiets
sensitivity of the inversion technique to noise can be esged

as [5,17,18] 12
B = (i%) :
=

Figs. 2(a-c) and (d-f) show, respectively, the inversion co

(23)

value towards the center of the source. This can be analyzedefficientsDij ati = 4 with N = 10 and the noise coefficients for

with the assumption that the noise in the intensity datsfadi
I’(x) = 1. According to Eq. (2)R= 1) and witht = (x* —r?)1/2,
we have

Vi-r2
g(r) ~ /0 \/tzdjr—rZ =asinh/r-2—-1. (21)

The radial distribution of the amplified noise is shown in.Hig
Itis clear to see that the inversion uncertainty increassards
the source center. This, as the intrinsic property of Abetin
sion, indicates that any numerical methods will encouriter t

different inversion techniques with = 100. In Figs. 2(a) and
(d), for the VPF metho& =N, M =3, andp = 3/N and for

the MFH methoda = 0.01 andn = 1. Since the Nestor-Olsen
method [4] is very simple and the 3-point technique presknte
by Dasch [17] shows better performance than other methods,
these two techniques are also included in Fig. 2 for a compar-
ison. The inversion coefficients for different techniquleevsn

in Fig. 2(a) have the same characteristic: the teBpsand
Dii+1 have different signs; this forms the derivative operator in
the Abel inversion. The higher value By and lower value in

same problem. It is also clear that only in the most inner 10% Di,i.1 imply that this method is more sensitive to noise. There-

interval the uncertainty increases rapidly, so the resalthe
outer 90% interval will still be reliable.

To reduce the uncertainties in the reconstructed resuds du
to the existence of noise, it is important to know the effdct o

noise in different frequencies. Assume that the noise can be

described by (x) = k~1/2cog2mkx) and based on Eq. (2R
1), one obtains [22]:

£(0) = 2\/R/OkMdz ~ vk,

{

This equation shows that a higher frequency noise will gener
ate higher uncertainties in the source center. The inwasbig

I=kx (22

&(r) Dasinh(r?-1)*2

&(r)

0 1 1 1 1
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1.0

Fig. 1. Radial distribution of inversion uncertainties daehe singularity and
derivative in Abel inversion. The uncertainty increasepidly towards the
source center, but only the most inner 10% region is veryisens$o noise.

fore, according to the inversion coefficients it is cleart tine
Nestor-Olsen method is most sensitive to noise and the i®-poi
technique least, which are consistent with the results shiow
Fig. 2(d).

Figs. 2(b,e) and (c,f) show, respectively, the results fier t
VPF and MFH methods, which have smoothing property. For
the VPF method, we ud¢ =5, M = 6, and different values of
p. Asp increases, the inversion coefficient distribution expands
and the amplitude decreases, the inversion method thus be-
comes less sensitive to noise. The noise coefficients ir2kéej.
show the same results. Fpr= 0.2, it is obvious that the in-
verted profile will have much higher errors in regions neahbo
ends of each least-squares fitting interval (known as teztioin
error). Whenp > 1/K = 0.2, a few points near both ends of
the approximation interval are not used for the inversibnst
the termination error is avoided and the noise coefficieotiler
becomes smoother. For the MFH method, wease0.01 and
several values of). As n decreases, the inversion coefficient
distribution expands and the method becomes less sensitive
noise, which are the same as those of the VPF method.

4. Inversion accuracy

A good inversion technique should be insensitive to noise
and have a relatively high accuracy. Although the noise am-
plification property of different Abel inversion technicgiean
be compared directly, the accuracy of these techniquedlis st
unknown. To compare the inversion accuracy, it is desirable
to use simulated data as the exact solution is known. For this
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Fig. 2. (Color online) (a-c) Inversion coefficients with= 10 and (d-f) noise coefficients witN = 100 for different Abel inversion techniques: (a,d) inversi
techniques without noise resisting property, for the VPRhoé K =N, M =3, andp = 3/N and for the MFH methodr = 0.01 andn =1, (b,e) the VPF
method withK =5, M =6, and several overlapping factogs and (c,f) the MFH method witle = 0.01 and different smoothing factors.
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Fig. 3. (Color online) Radial distributions of the emissicmefficient for four
test profiles.

purpose, four test profiles with various shapes are chosem fr

numerous examples in the literature [7,22,24]:

a(r)=exg—(m)?, 0<r<1i, (24)
&) =(1-r?1+2r), 0<r<1, (25)
3 2 3
eg(r)=Z+12r -3 0<r<0.25
= g(l— r?(1+8r), 025<r<1, (26)

and
&(r) = (1-r?)?(14+12r?)/(2197/972), 0<r<1. (27)

The radial emission coefficient distributions of these pesfi

tributed random noise with an absolute scale independent of
the test profiles being imposed on the intensity data. Te esti
mate the inversion performance, the absolute inversiar atr
each data point is calculated by

Ag(ri) = &(ri) — &(ni), (28)

wheres; (ri) andec(r;) are, respectively, the theoretical and cal-
culated emission coefficients at pointThe standard deviation
o is also calculated:

N1 1/2
0= {N ; [e(ri) — Sc(fi)]z} : (29)

Considering that the off-axis peak distribution is much enor
difficult to reconstruct faithfully than other types of disu-
tions such asy(r) andex(r), we usegs(r) to test the inversion
accuracy of different numerical techniques. Figs. 4(aft) a
(d-f) show the inversion accuracies of the techniques witho
noise suppressing property and the VPF and MFH methods for
intensity datals(x) with different numbers of data points,
respectively, without and with noise. The level of noisehe t
intensity data wa$= 0.03.

Figs. 4(a) and (d) show the standard deviations of the in-
version using techniques without noise suppressing ptpper
It is clear to see that the method which has a higher accu-
racy for noise free data is more sensitive to noise, except th
Nestor-Olsen method which has the lowest inversion acgurac
for noise free data but is more sensitive to noise than theidtp
and VPF methods. The VPF method is superior to the 3-point
technique for data with or without noise. Bockasten’s mdtho
and the MFH method have the highest accuracies for data with-

are shown in Fig. 3. The shape of the test profiles changes fromout noise; the MFH method is a little superior to Bockasten'’s

the Gaussian function to the off-axis peak distributionjolih
are commonly encountered in plasma diagnostics.

The intensity datdy (X) to I4(x) needed as the input of the

inversion are obtained by direct integration of Eq. (1). &xp
mental additive uncertainties are simulated with normdisy

method. As the number of data poitsincreases, the inver-
sion accuracy increases for noise free data, while the siwer
accuracy decreases for data with noise. The big differeree b
tween the inversions with and without noise indicates therte

is a large space to improve the inversion accuracy by reducin
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Fig. 4. (Color online) Standard deviations for differentersion techniques with various values Mf(5, 10, 20, 50, 100, and 200) fd5(x): (a-c) noise free
data and (d-f) noisy data witB= 0.03. Other conditions are the same as Fig. 2.

the effect of noise. Therefore, for the technique withousao  tensity data should be smoothed before the inversion. Many
suppressing property, a good smoothing method that will ef- noise filtering methods such as the Savitzky-Golay filteg, th
fectively reduce the influence of noise is more importanhtha Gaussian filter, and the Blackman window have been used for
the accuracy of the technique itself. smoothing data in Abel inversion [12] and in Langmuir probe
Figs. 4(b) and (e) show the standard deviations of the in- measurement [25]. It is shown that the Gaussian and Blackman
version using the VPF method with=5, M = 6 and several filters have similar performance and are superior to other fil
values ofp. For noise free datag increases with the increase ters [12,25]. Based on this fact, we use both the Gaussian and

of p and is almost independentNf While for noisy datag is Blackman filters to smooth the data for Bockasten’s method,
not very sensitive to the overlapping factor and improvgsisi and compare the inverted results with those from the VPF and
icantly for N > 50. Figs. 4(c) and (f) show the results obtained MFH methods. The Gaussian filter function is given by [25,26]
by the MFH method witha = 0.01 and different smoothing N n 1 2

factors. As expected, with the decreaserothe ideal inver- On(X) = z ( )(_1)k+1 exp<—T) . (30)
sion accuracy decreases. In the case of data with noifiest & \K ov/2mk 20%k

decreases and then increases with the increabk Bor fixed wheren is the number of iterations and is the standard de-

values ofn, asN increases more high frequency components yjation. It is found thatn = 1 gives the best results, so only

of the Fourier transform are reserved, which are dominayed b adjusting the value ot is needed to control the smoothing
noise, thuso increases. AN decreases, fewer low frequency gegree. The Blackman window is given by [25]

components are reserved and the intensity profile is déstort

thuso increases rapidly. This suggests that it is possible to op- £, (n) = 0.42-05 COS(@) +0.08 cos<4in> . (31)
timize the smoothing factor to obtain the optimum inversion w w

results for different values dfl. _ _ ~ wheren=0,1,2,---,wandw is the size of the window used
Comparing the results from the three kinds of inversion fgor controlling the smoothing degree.

technique, it is seen that for noise free data the techniques  Fig. 5(a) shows the theoretical intensity profilgx), the
without noise suppression property yield the best perfo®a  jntensity data added normally distributed noise vtk 0.05,
while for noisy data almost all techniques yield resultswat ~ anq the profiles smoothed with the Gaussian and Blackman
higher than the standard deviation of the noise. In Fig.,4(d) fiiters. Fig. 5(b) shows the corresponding theoretical sinis
even forN < 10, o increases with the increasefindicating  coefficient profilegy(r) and the profiles inverted using Bockas-
that the effect of noise is more significant than the numerica ten's method with the Gaussian and Blackman filters as well as
error. Thus for such sparse data, the VPF and MFH methodsysing the VPF and MFH methods for the noisy intensity profile
still have the potential to give a higher inversion accur&@y  wjthout filtering noise. The radial distributions of the ahse
larger values oN, both the VPF and MFH methods can more jnyersion error for these methods are presented in Fig. 6. Th
effectively reduce the influence of noise and for the techesq  number of data points is 100. All the methods use the optimum
without noise resisting property, filtering of noise canoat®  smoothing parameters: for the Gaussian fitter 4.8, for the
easily implemented. Therefore, when it is possible the remb  g|ackman filterw = 30, for the VPF methog = 1.1, and for
of data points should be 50 for obtaining better inversion  the MFH methody = 0.05. The intensity profile is treated as
results. _ _ _ _ _one period of a periodic function to avoid edge effect when
For techniques without noise suppressing property, the in- ysing filters to suppress noise. We see that the Gaussian and
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ig. 5. ( olor online) (a) Intensity profiles f4(x)‘ without noise, adde 5 10 20 50 100 5 10 20 50 100 200
noise withS= 0.05, and smoothed with the Gaussian filter=€ 4.8) and the Number of Data N Number of Data N

Blackman filter ¢v= 30). (b) Corresponding theoretical emission coefficient

profile and th_e profiles inverted with Bockasten’s_ methodlf@x) smoothed Fig. 7. (Color online) Optimized overlapping factagsfor the VPF method
by the Gaussian and Blackman filters and those inverted héth/PF K =5, applied toly(X) to 14(x) with noise ofS= 0.005 and 0.02 and several values
M =6, andp = 1.1) and MFH @ = 0.01 andn = 0.05) methods. The number of N.

of data points is 100. Each profile is offset from the nearest for clarity.

R e @R L ®
Blackman filters yield almost identical results. Comparéithw L h L)
the inversion with noise filters, the VPF and MFH methods give 107E - 4k == E
markedly better results. Note that all methods have negjativ

rors near the source center and positive errors near the edge
More tests indicate that the negative errors near the canger
due to the distribution of noise, whereas the positive smaar

the edge are due to the smoothing effect. The Gaussian and 5§ 10*
Blackman filters that smooth the noise in the data profile also

H
5o
22,

oothing factor n

smooth the variation of the intensity profile, thus the nasse 102 . . . . . , , ,
difficult to be removed effectively. On the other hand, the=vVP 5 10 20 50 100 5 10 20 50 100 200
and MFH methods can more effectively decrease the effect of Number of Data N Number of Data N

noise and are less likely to distort the shape of the intgnsit _ _ . .
file. Tests with manv other random noise distributiorss al Fig. 8. (Color online) Optimized smoothing factgr for the MFH method
profiie. y applied tol1(x) to l4(x) with noise ofS=0.005 and 0.02 and several values

demonstrate that the VPF and MFH methods have higher inver-qs N
sion accuracies compared with techniques using the Gawussia
and Blackman noise filters. changes for a wide range @f, which can also be seen from
Since the VPF and MFH methods give better results than thethe results shown in Fig. 4(e).
smoothing filters, we test only these two methods for profiles The optimum smoothing factorsfor the MFH method are
€1(r) to &(r) with noise ofS=0.005 and 0.02 and different  presented in Fig. 8. It is not the same as the case in the VPF
numbers of data points. In order to compare the noise reducin method,n is less dependent on the shape of the test profiles.
performance, the smoothing parameters for the VPF and MFH Since each profile can be approximated by a few low frequency
methods are optimized. components of the Fourier transform, the optimgris almost
The optimum overlapping factopsfor the VPF method are  inversely proportional tdN. As the level of noise increases,
presented in Fig. 7. Apparently, the valueoois dependenton  the frequency at which the noise is comparable with the $igna
the test profile shapes. For a higher level of noise, a lagpger deceases, thus the optimum valugjo$hould also be lowered.
will give a better inversion, because for the least-squfittexy The value of usually has a narrow range: whagris too large,
the fitting performance depends on the number of data pointsthe influence of noise cannot be efficientlyeffectively reeiis
and the noise level. It is found that the inversion accuracy i whenn is too low, the profile will be distorted.
not very sensitive t@. In most cases, the results have minor Based on the optimized smoothing parameters, the standard
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Table 1 T T T
Standard deviations of the inversion using the VRF(5, M = 6) and MFH
(o = 0.01) methods obtained folr(x) to l4(x) with noise in the level of
S=0.005 and 0.02. The overlapping factgosfor the VPF method and the
smoothing factorsn for the MFH method are taken from Figs. 7 and 8, —~
respectively. é
|1(X) |2(X) |3(X) |4(X) g
N "VPF MFH ~VPF MFH ~VPF MFH ~ VPF MFH 2
S=0.005 2
5 16E-2 9.0E-3 9.9E-3 56E-3 1.3E-2 1.1E-2 1.9E-2 1.2E-2 =
10 1.3E-2 8.7E-3 8.6E-3 7.9E-3 1.2E-2 1.1E-2 8.2E-3 1.2E-2
20 1.2E-2 1.1E-2 6.3E-3 5.8E-3 9.4E-3 8.6E-3 9.2E-3 1.2E-2
50 4.9E-3 3.1E-3 3.2E-3 3.2E-3  6.1E-3 3.9E-3  5.6E-3 5.0E-3
100 4.7E-3 2.3E-3 2.8E-3 2.5E-3 4.1E-3 5.3E-3 5.3E-3 4.8E-3
200 3.2E-3 1.86-3 2.4E-3 1.8E-3 3.2E-3 3.0E-3  3.6E-3 3.1E-3
S=0.02
5 B5.7E-2 29E-2 2.7E-2 1.8E-2 4.0E-2 2.7E-2 4.0E-2 2.5E-2 ]
10 4.3E-2 3.3E-2 3.0E-2 3.1E-2 3.9E-2 3.9E-2 2.3E-2 3.4E-2 VPF (b)
20 4.3E-2 3.1E-2 1.5E-2 8.5E-3 1.6E-2 2.1E-2 1.7E-2 2.2E-2 = p=0.35
50 1.1E-2 1.2E-2 8.6E-3 1.2E-2 1.7E-2 1.6E-2 1.1E-2 1.5E-2 3 MR e
100 1.2E-2 8.2E-3 5.7E-3 7.8E-3 9.8E-3 9.9E-3  7.2E-3 1.1E-2 € 10 n== 4
200 8.5E-3 7.0E-3 5.8E-3 5.8E-3 9.9E-3 8.4E-3  7.9E-3 9.8E-3 2 Bockasten
= —o—0.5mm
8 —aA—1.5mm
deviations of the inversion for the test profile$x) to 14(x) are ° —o—2.5mm
listed in table 1. The VPF and MFH methods yield comparable S 05 —o—35mm
results for all the test profiles. With the increase Nf the £
inversion accuracy increases. Fop 50, the influence of noise w
is effectively suppressed: the standard deviation of thergion 0.0 . . SeoBiEaice
is smaller than that in the noise. Considering that both ef th 0 10 20 30 40 50 60

two methods can generate quite good results, it is better to
use the two methods to crosscheck the inversion in practical
application.

Data point

Fig. 9. (Color online) Distributions of (a) experimentakeénsities measured
from different layers of an arc plasma, and (b) the corredpmn radial
emission coefficients inverted using Bockasten's methddiieé VPF method
with K =5, M =6, andp = 0.35, and the MFH method witlr = 0.01 and
n=0.25.

All inversion techniques should ultimately be used in prac-
tice, thus the performance of the VPF and MFH methods are
further tested with experimental data. We use the inteqsiy
files measured from several layers of a free-burning aredas  and determine the cut-off frequency based on the assumption
with distances of 0.5, 1.5, 2.5, and 3.5 mm from the arc cath- that the frequency components of the projection fall predom
ode tip [9]. As shown in Fig. 9(a), these intensity profileséna  inantly at low frequencies. The value of the smoothing facto
different shapes from the bell distribution to the off-amisak is the ratio between the cut-off frequency and the Nyquast fr
distribution, and thus are very suitable for the test. Theanu  quency. For relatively low level of noise, it is usually vesgsy
ber of data points for these profiles is 40, 50, 60, and 60, re-to determine the cut-off frequency. The smoothing factar fo
spectively. Since the number of data points is large enough, the MFH method is estimated as 0.25.
interpolation was used on the intensity profiles. The naise i The emission coefficient profiles inverted with the VPF and
the measured data was estimated to have a standard deviatioMlFH methods are shown in Fig. 9(b). It is seen that the two
of S=0.007, with the assumption that the higher frequency methods yield very consistent results. There are only minor
components in the frequency domain is dominated by noise. differences in the most inner 15% region for the profiles with

The difficulty for the VPF and MFH methods is that there distances of 2.5 and 3.5 mm from the arc cathode tip. Since
is no theoretical criterion for the determination of the sitte inversion techniques without noise suppressing propeitly w
ing parameters (it is also true for most smoothing techréfjue  not distort the profile distributions, the results from Bask
Therefore, these smoothing parameters have to be detefmineten’s method are also included in Fig. 9(b). The comparison
empirically. We find that, for the VPF method, the inversion indicates that the emission coefficient profiles inverteithgis
accuracy is not very sensitive to the overlapping factothWi the VPF and MFH methods are not distorted, and thus the re-
the increase of noise level, the overlapping factor has tmbe  sults obtained are reliable. With the results from Bockaste
creased to more effectively suppress noise. Based on the exmethod as a reference, itis also useful to determine theopti
perimental noise level, we guess a first value and take the in-smoothing parameters for the VPF and MFH methods, i.e., the
version. We then increase or decrease the guessed valleto ta optimum smoothing parameter should ensure that the inverte
another inversion. When the two inverted profiles are smooth profiles with the VPF or MFH methods are smooth enough and
and the difference between them is negligible, the value be-the differences between these profiles and the inversidm wit
tween the two overlapping factors is considered as the gqgim  Bockasten’s method are uniformly distributed on the positi
overlapping factor. In this way, the overlapping factor foe and negative sides of zero. Overall, the results from theexp
VPF method is determined as 0.35. On the other hand, the deimental date validate the use of the two proposed methods for
termination of the smoothing factors for the MFH method is Abel inversion without filtering of noise. In the case of atbet
much straightforward. First, we take the Fourier transf@fm  noise filtering approach is not available, these methodsldho
the projection data. Then, we observe the frequency spactru be considered as the better choice.

5. Application to experimental data
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6. Conclusions [11] L. M. Smith, D. R. Keefer, S. I. Sudharsanan, Abel ini@msusing

. . . transform techniques, J. t. Spectrosc. Radiat. rBsf(5) (1988
Noise property and accuracy of three kinds of Abel in- gg?fggq echniques, J. Quant. Spectrosc. Radia (6) (1988)

version technique have been analyzed and compared. Thesf o) r. Alvarez, A. Rodero, M. C. Quintero, An Abel inversion methfud

techniques can be divided into two categories: methods with radially resolved measurements in the axial injectionttp@pectrochim.

out noise resisting property (the polynomial interpolatiech- Acta B 57 (11) (2002) 1665-1680. .

niques) and those with smoothing function (the VPF and MFH [13] S- Ma, H. Gao, L. Wu, Modified Fourier-Hankel method khsen
. . L . . analysis of errors in Abel inversion using Fourier transfaechniques,

me_thods). Since the inversion is expressed in a matrix fthm Appl. Opt. 47 (9) (2008) 1350-1357.

noise property of these techniques can be compared directlyj14] v, Dribinski, A. Ossadtchi, V. A. Mandelshtam, H. Reisl

based on the noise coefficients without knowing the shape of = Reconstruction of Abel-transformable images: the Ganssiasis-set

the projection profiles. All techniques show the same naise a expansion Abel transform method, Rev. Sci. Instrum. 73 @QOR)

plification characteristic: the inversion uncertaintyre&ses to- 2634-2642.

wards the source center, due to the singularity in Abel sioer; [15] G. A. Garcia, L. Nahon, I. Powis, Two-dimensional credgparticle
! g y ! image inversion using a polar basis function expansion, 8&v Instrum.

only the most inner 10% region has very large uncertainfies. 75 (11) (2004) 4989-4996.
technique that is more sensitive to noise will have a higleer a [16] R. Piche, Noise-filtering properties of numerical nueth for the inverse
curacy for noise free data. For techniques without noisistres Abel transform, IEEE Tran. Instrum. Meas. 41 (4) (1992) JZ2:

ing property, Bockasten’s method and the MFH methad:( [17] C. J._ Dasch, Qne-dimensiona_l tomography: a companédkbel, onion-

0.01,n =1) have comparable performance and are superior to Eiigﬁgl’lggd filtered backprojection: methods, Appl. Opt.(8]L(1992)

other methods. Since the standard deviation of the invefsio [18] P. S. Kolhe, A. K. Agrawal, Abel inversion of deflectomiet data:

noise free data is much lower than that of noise, the accuracy  comparison of accuracy and noise propagation of existichnigues,

of these techniques is completely determined by noiseifitier Appl. Opt. 48 (20) (2009) 3894-3902.

approaches. In the case of techniques with noise resistoggp =~ 19 Sﬁivi-rsft\”dprfe"‘fs’ gémfrli(deyé ngF;oy, Special Functions, Cadge

erty, both the VPF and MFH methods can be use_d by ad]usnng[ZO] G. N. Wa)ison, Tf’1e0ry of B?es‘sel Functions, Cambridgevéhsity Press,

the smoothing parameters to control the smoothing degoee. F New York, 1966.

very sparse data\( < 10), in which case filtering of noise is  [21] A. V. Oppenheim, A. S. Willsky, S. H. Nawab, Signals angs@ms,

impossible, the VPF and MFH methods can yield results with 2nd Edition, Prentice Hall, Englewood Cliffs, NJ, 1996.

higher accuracies. For a larger number of data points, the tw [22] M. J. Buie, J. T. P. Pender, J. P. Holloway, T. Vincentl PG. Ventzek,

methods also give better results compared with Bockasten’s M. L. Brake, Abels inversion applied to experimental spestopic data
. - . . with off axis peaks, J. Quant. Spectrosc. Radiat. TransBe{2% (1996)

method using smoothing techniques, such as the Gaussian and 231_243.

Blackman filters. Although the optimum smoothing parameter [23] L. M. Smith, Nonstationary noise effects in the Abel émsion, IEEE

for the VPF method is dependent on the profile shape and the  Trans. Inform. Theory 34 (1) (1988) 158-161.

number of data points, the inversion accuracy is not very sen [24] G- C-Y. Chan, G. M. Hieftie, Estimation of confidencetervals for

sitive to the value Ob. The optimum Smoothing factor in the radial emissivity and optimization of data treatment téghas in Abel

. . inversion, Spectrochim. Acta B 61 (1) (2006) 31-41.
MFH method can be determined based on the level of noise 5] F. Magnus, J. T. Gudmundsson, Digital smoothing of trendmuir

in the projection data, but the results are more sensititheo probel-V characteristic, Rev. Sci. Instrum. 79 (7) (2008) 073503.
value ofn. Both the VPF and MFH methods should be con- [26] J. I. Fernandez Palop, J. Ballesteros, V. Colomer, MH&rnandez, A
sidered when no better smoothing approaches can be used. new smoothing method for obtaining the electron energyritiision
function in plasmas by the numerical differentiation of th&/ probe
| am grateful to Professor John Howard for his encourage- characteristic, Rev. Sci. Instrum. 66 (9) (1995) 4625-4636

ment in this research and a critical reading of the manuscrip
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