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Abstract

Errors in discrete Abel inversion methods using Fourier transform techniques have been analyzed. The Fourier expansion method is very accurate
but sensitive to noise. The Fourier–Hankel method has a significant systematic negative deviation, which increases with the radius; inversion
error of the method can be reduced by adjusting the value of a factor. With a decrease of the factor both methods show noise filtering property.
Based on the analysis, a modified Fourier–Hankel method thatis accurate, computationally efficient, and has the abilityto filter noise in the
inversion process is proposed for applying to experimentaldata.

1. Introduction

Spatially resolved measurements are important for deter-
mining certain physical parameters in many fields of physics
and engineering. Unfortunately, in most circumstances, the
measured signals are a line-of-sight integration of some quan-
tity. Tomographic techniques are therefore needed for recon-
struction of the local values of these parameters from experi-
mental data. Particularly, such as in plasma diagnostics [2] and
flame research [3], for a cylindrically symmetric and optically
thin radiation source, the radially distributed emission coeffi-
cients can be reconstructed from the measured intensities by a
method known as Abel inversion.

Abel inversion is an ill-posed problem because of the sin-
gularity in the integral at the lower limit, and the derivative of
the projection greatly amplifies the noise inherent in the ex-
perimental data. These difficulties as well as the discrete form
of the values measured make the inversion difficult to be di-
rectly applied to experimental data. Therefore, many inversion
methods have been developed over the past years. For exam-
ple, some use spline interpolation techniques [4,5], and some
others use polynomial least squares fitting approaches [6–8].

Among these methods, algorithms with the technique of
Fourier transform are widely used [9–17]. One approach that
performs the inversion by first taking the Fourier transformof
the projected data and then following it with the inverse Han-
kel transform known as the Fourier–Hankel (FH) method has
been reported by many researchers [10–17]. It is said that this
method can greatly reduce the computation time by using the
fast Fourier transform (FFT) algorithm and the singularityin
the inverse Abel transform is avoided as the analytical method
has been used [11–13]. There are reports that this method can
provide higher inversion accuracies than some other methods,
even for poorly sampled data [13,14], but there are also results
indicating that the FH method yields a rather poor inversiones-
pecially for small sets of data [15]. In addition, it is foundthat
this kind of method is more sensitive to noise than other inverse
techniques and it produces artificial structures [16]. These phe-
nomena appeared, and a proper explantation cannot be found
because little attention has been paid to a special inversion
method, the Fourier expansion (FE) method [9,10], which also
uses the technique of Fourier transform and is in fact closely
related to the FH method.

In this paper, the inversion errors in the FE and FH meth-
ods were studied in detail, the disagreement appeared in liter-
ature was resolved, and a modified method was proposed. In
the following sections, we first describe the two discrete inver-
sion methods using Fourier transform techniques, second we
analyze the inversion errors and the noise properties of these
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methods, and finally we present the modified method with some
examples.

2. Discrete Abel inversion methods using Fourier
transform

For a cylindrically symmetric radiation source with radius
R, the relation between the measured intensityI(x) and the
emission coefficientε(r) is described by the forward Abel trans-
form

I(x) = 2
∫ R

x
(r2−x2)−1/2ε(r)rdr, (1)

and the reconstruction of the emission coefficient is realized by
the inverse Abel transform

ε(r) = − 1
π

∫ R

r
(x2− r2)−1/2I ′(x)dx, (2)

whereI ′(x) = dI(x)/dx.
As the values of the intensity measured are always in sets

of discrete data, to take the inversion it is convenient to use
a discrete method that directly connects the studied valuesto
the experimentally obtained intensities by a two-dimensional
matrix, namely

ε(r i) =
n

∑
j=0

Pi j I(x j), (3)

wheren is the number of data at one side of the source,r i =
i∆r (i = 0,1, . . . ,n), x j = j∆x ( j = 0,1, . . . ,n), and∆r = ∆x =
R/n; ∆r and∆x denote the data spacing. Since for the recon-
struction ofε(r i) only a single summation is performed, the
reconstruction speed will be very fast if the inversion matrix
Pi j is calculated in advance and the noise filtering process is
not considered, which is in fact an important step in the inver-
sion of experimental data that are unavoidably contaminated
by noise. Thus the matrix form of the inversion is especially
suitable for fast processing of a large amount of data.

2.1. Fourier expansion method

The FE method is simplified by Kalal and Nugent [10]
according to the work of Tatekura [9], where the technique
of expanding the intensity functionI(x) as a summation of
cosine basis functions was used to perform the Abel inversion.
Assuming that the intensity is symmetrically distributed and
has zero values outside the radius of the source,I(x) may be
expanded as [10]

I(x) = a0 +
∞

∑
k=1

ak cos(
kπx
R

), (4)

whereak are the Fourier expansion coefficients. By substituting
Eq. (4) into Eq. (2) and with some simplifications, we get
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ε(r) =
π
2R

∞

∑
k=1

k ak g(kπ/R, r,R), (5)

where

g(ω , r,R) =
2
π

∫ R

r
(x2− r2)−1/2sin(ωx)dx. (6)

Note thatg(ω , r,R) = g(ωR, r/R,1), thus for convenience we
useg(ω ′, r ′) to representg(ωR, r/R,1). This indicates that the
radius of the source is normalized to unity.

Eq. (5) is an analytical expression for the Abel inversion.
Since a discrete method with an inversion matrix is more attrac-
tive, we change it to the matrix form as expressed by Eq. (3),
that is

ε(r i) =
π

2nR

n

∑
k=1

k a(k)g(kπ , i/n), (7)

where

a(k) =
n−1

∑
j=−n

I(x j)cos(
jkπ
n

). (8)

A potential advantage of the method is that noise filtering
can be implemented in the inversion process by controlling the
number of expansion terms.

2.2. Fourier–Hankel method

The FH method is commonly used in image reconstruction
from projections such as fields of plasma diagnostics [11–15]
and charged particle imaging [16,17]. It can be transformedin
terms of Fourier and Hankel integrals. By taking the Fourier
transform of the projected intensity in Eq. (1) and changingthe
variables of the integration to polar coordinates, it can beshown
that the Fourier transform ofI(x) is equal to the zero-order
Hankel transform ofε(r). Therefore, the emission coefficient
can be recovered from the inverse Hankel transform [10–15]

ε(r) =
1

2π

∫ ∞

0
G(ω)ωJ0(ωr)dω , (9)

whereG(ω) is the continues Fourier transform of the projected
intensities, and

J0(ωr) =
2
π

∫ ∞

r
(x2− r2)−1/2sin(ωx)dx (10)

is the zero-order Bessel function of the first kind [18].
With frequency spacing∆ω = απ/R, Eq. (9) can be dis-

cretized as

ε(r i) =
α2π
2nR

n

∑
k=1

k G(αk)J0(
α ikπ

n
), (11)

where

G(αk) =
n−1

∑
j=−n

I(x j)cos(
α jkπ

n
). (12)

Though this method has been extensively used by many re-
searchers in past years, there are only two kinds of discretein-
version forms that can be found in literature (to the knowledge
of the authors). One discrete expression [19] was originally pre-
sented by Smith et al. [11], who modified the discrete inverse
Hankel transform algorithm of Candel [20], and wrote it into
a summation of terms related to the Fourier transform compo-
nents of the intensity data. Since the FFT algorithm has been

used, their formula is similar to Eq. (11) withα = 1. The other
discrete expression appeared in [14], where∆x∆ω = 1/(2n+1)
is assumed and the continuous Fourier transform that is dis-
cretized as the FFT algorithm cannot be used. This discrete
method is equal to Eq. (11) withα = n/[(2n+1)π ] ≈ 1/(2π).

3. Error analysis

Simulated data are used to test the performance of the two
discrete inversion methods. The simulated intensities andthe
corresponding emission coefficients are calculated from two
pairs of profiles which are widely used in literature to test the
performance of different Abel inversion methods. The first pair
of test profiles with off-axis peaks in the emission coefficient
function that is a common distribution in experimental dataare
as follows:

I1(x) =
16
105

(1−x2)5/2(19+72x2), 0 6 x 6 1, (13)

ε1(r) = (1− r2)2(1+12r2), 0 6 r 6 1. (14)

Profiles with such a characteristic make big challenges for Abel
inversion as the values in the area near the center of the source
are difficult to be reconstructed. The second pair of test profiles
are of a Gaussian type that is also commonly encountered in
experimental data but relatively easy to be reconstructed.For
this kind of profile, the following expressions taking from [11]
are used:

I2(x) = exp(−x2/400), 0 6 x 6 100, (15)

ε2(r) =
1

20
√

π
exp(−r2/400), 0 6 r 6 100. (16)

For a source with radiusR, if we keep the data spacing
∆x changeless, extend the radius of the source toR/α (0 <
α < 1) and assume the emission coefficient in the areaR <
r 6 R/α is zero, with the Fourier componentsn+ 1 ∼ n/α
(i.e., G(α(n+ 1)) ∼ G(n)) of the intensities being neglected
according to Eq. (5), a discrete inversion formula similar to
Eq. (11) can be obtained as

ε(r i) =
α2π
2nR

n

∑
k=1

k G(αk)g(kπ ,α i/n). (17)

In this sense, the value ofα has a straightforward meaning; the
parameter of an ideal lowpass filter for controlling the smooth-
ing degree of the data for inversion; with a lower value ofα,
more Fourier components of the intensities will be dropped.

The similarity between Eqs. (11) and (17) is obvious. Be-
fore analyzing the difference we use an example to compare
the results inverted with the two methods. Fig. 1 shows the
emission coefficients and the corresponding absolute inversion
errors calculated from intensity data in Eq. (13) withn = 10
andα = 1. Huge differences appeared between the results of
the two methods; the FE method seems to be very accurate and
only has a undetectable uncertainty; while the result inverted
with the FH method is completely unacceptable, the inversion
error is up to 50% compared to the theoretical emission values.
Two trends are easily distinguished, the inversion error ofthe
FH method is systematically negative and becomes larger with
an increase of the radius.

The inversion error of the FE method arises from two as-
pects: the discretization of the continuous Fourier transform
and the truncation of the series expansion in Eq. (4). Generally,
the discretized Fourier transform will have a high accuracy. If
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Fig. 1. Radial variations of the emission coefficients and the corresponding
absolute errors in the inversion performed with the FE and FHmethods.

the Nyquist criteria [21] is satisfied, i.e.,α 6 1, the truncation
error will be very small. Thus the FE method is very accurate
even for poorly sampled data. However, if noise smoothing is
considered the value ofα should

not be determined too small, as which will lead to a too low
Nyquist frequency and so the inversion error will be increased
rapidly since this means that a low cut-off frequency of the
ideal lowpass filter has been used, which will seriously distort
the original signal. Thus it is clear that, as the decrease ofα,
the inversion error of the FE method increases. For a proper
value ofα in the interval(0,1], the error is rather small since
in most cases the intensity data can be well approximated by
only the first few components of the Fourier frequencies.

For the FH method, however, except for the discretized
error of the continuous Fourier transform and that of the inverse
Hankel transform in Eq. (9) corresponding to the truncation
error of the series expansion in Eq. (4), significant error is
caused by the replacement ofg(ω , r,R) by J0(ωr).

The difference between the two methods is only related to
the two basis functionsg(ω , r,R) andJ0(ωr). For a certain ra-
dial positionr i = i/n of the source with a unity radius, accord-
ing to Eqs. (6) and (10) we can rewriteg(ω , r,R) andJ0(ωr) as

g(ω , r i) =
2
π

∫ n

i
(t2− i2)−1/2sin(

ωt
n

)dt, (18)

J0(ωr i) =
2
π

∫ ∞

i
(t2− i2)−1/2sin(

ωt
n

)dt. (19)

The similarity and difference between the two expressions are
evident. It seems that whenn→ ∞, g(ω , r) = J0(ωr), and so
the FE method tends to the FH method as pointed out in [10].
However, it is worth noting that this is misleading and incorrect.
Because the radius of the source is unity, whenn → ∞, it is
also true thati → ∞, so g(ω , r) will not tend toJ0(ωr). Thus
if the radius of the source is kept constant, an increase in the
number of data cannot improve the inversion accuracy of the
FH method.

The difference betweeng(ω , r,R) and J0(ωr) can be ex-
pressed as

f (ω , r,R) = J0(ωr)−g(ω , r,R)

=
2
π

∫ ∞

R
(x2− r2)−1/2sin(ωx)dx. (20)

The relationf (ω , r,R) = f (ωR, r/R,1) is satisfied, so the use of
f (ω ′, r ′) also means that the radius of the source is normalized
to unity.
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Fig. 2. Variations of the standard deviationσ for the FH method calculated
with various values of the number of datan as a function ofα2.

From Eq. (20) it can be found that only when the radius
of the source tends to infinity, the lower limit in the integral
will also tend to infinity andf (ω , r,R) → 0. Therefore, it is
the radius of the source but not the number of inversion data
that leads to the difference between the two functions; onlyby
increasing the radius of the source, i.e., decreasing the value of
α, will the inversion error of the FH method be reduced.

To validate the conclusions, the standard deviations calcu-
lated using the intensity data in Eq. (13) with various values
of n andα are plotted in Fig. 2. The standard deviation was
estimated using the following equation:

σ =

{

1
n+1

n

∑
i=0

[

εc(r i)− εt(r i)
]2

}1/2

, (21)

whereεc(r i) andεt(r i) are the calculated and theoretical emis-
sion coefficients at pointr i .

As shown in Fig. 2, for each profile corresponding to one
value ofn, as the decrease ofα the standard deviation first de-
ceases, and whenα decreases to a certain value the error then
increases rapidly. This tendency is consistent with the previous
error analysis. It is clear to see thatσ is nearly unchanged for
a fixedα with different values ofn. This validates that the in-
crease of the number of data cannot improve the inversion ac-
curacy of the FH method. We can also see thatσ is almost pro-
portional toα2 especially for a smallα, so the error decreases
rather slow. To obtain an acceptable inversion (e.g.,σ 6 1%), a
smallα must be chosen (e.g.,α 6 0.2). Consequently, the FH
method can only be applied to large sets of data, as for small
values ofn the desired accuracy cannot be achieved.

According to Eqs. (11), (17) and (20), the difference be-
tween the two methods can be written as

δ (α, r) =
α2π
2nR

n

∑
k=1

k G(αk) f (kπ ,αr). (22)

This equation indicates that if the truncation error of the series
expansion is small, the inversion error of the FH method mainly
arises fromf (kπ ,αr); note that the inversion error of the FE
method can be neglected compared to this error.

The trend that the error increasing with the radius is related
to the property off (kπ ,αr) as a function ofr. As shown in
Fig. 3, for different values ofk, f (kπ ,αr) increases asr varies
from 0 to 1. For the first few terms ofk, the value off (kπ ,αr)
is relatively large. Thus there is no surprise that the errorin the
inversion is huge and increases as radiusr becomes larger.

3



0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.1

0.2

0.3

n = 20, α = 1

r

|f(
kπ

, α
r)

|
k = 1
k = 2
k = 5
k = 20
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g(ω ,αr) for various values ofk calculated with intensities in Eq. (13).

Another trend is the negative error that is caused due to the
distributions ofkG(αk) and f (kπ ,αr) as functions ofk. Both
of the functions are oscillatory and decrease with the increase
of k, so the summation of their products is mainly determined
by the first few terms that are negative as shown in Fig. 4(a). It
is evident that the summation ofkG(αk) f (kπ ,αr) is negative;
therefore the error in the FH method is also negative.

However, for some special distributions ofkG(αk) (e.g.,
there is no oscillation), the inversion error would be very small.
One such case is the Gaussian function such as in Eq. (15). As
shown in Fig. 4(b),kG(αk) decreases monotonously with the
increase ofk, thus its product withf (kπ ,αr) is oscillatory as
the distribution off (kπ ,αr) is oscillatory. This leads to a very
small summation, and so the inversion error is also very small.
This case illustrates that there is no evident error in some tests
[11,12] with such kinds of profiles.

4. Noise properties of the methods

For a desirable Abel inversion method, it should be fast, ac-
curate, and stable. The last property is in fact very important as
the experimental data inherently contain noise that will greatly
deteriorate the inverted result and the filtering of noise inmost
circumstances is difficult to control. Thus the noise amplifica-
tion properties of the FE and FH methods are compared and
discussed in this section.

Fig. 5(a) shows the theoretical emission coefficients and
the results inverted with the two methods. The intensity data
were generated from Eq. (13) with the valueI1(1/2) lowered
to 0.95I1(1/2) to simulate noise in the experimental data. For
the FH method, the inverted distribution is only a little lower in
the area near the position of the noise; values at other positions
are very consistent with the theoretical ones. This is because
a smallα was chosen, which leads to a negligible inversion
error and the good noise filtering property. The result inverted
with the FE method is however greatly affected by the noise.
The error was magnified more than five times at the position of
the noise; oscillations were propagated from the origin of the
noise to the center. In addition, the oscillations also propagated
outwards. Thus noise filtering should be considered when the
method is applied to the experimental data.

To further validate the noise filtering property, the intensity
data calculated from Eq. (15) were added normally distributed
random noise with a standard deviationS= 0.005 and applied
to the two methods. The results are shown in Fig. 5(b). In the
inversion of the FH method noise is almost completely sup-
pressed due to the excellent smoothing property with a small
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Fig. 4. Variations of kG(αk)/n, f (kπ,αrn) and their product
kG(αk) f (kπ,αrn)/n as functions ofk calculated using the intensity data in
(a) Eq. (13) with off-axis peaks, and (b) Eq. (15) with a Gaussian type.

value ofα, while the profile obtained with the FE method is
evidently affected by the noise that is greatly magnified espe-
cially at the position near the center of the source. Note that if
we use a relatively smallα to perform the inversion with the FE
method, the result will be similar to that inverted with the FH
method. Therefore, by decreasing the inversion accuracy (with
a lower value ofα), the noise resistent properties of the two
methods can be improved. There is no doubt that a more accu-
rate method is always more sensitive to noise and thus yields
a worse result when the data to be inverted contain noise.

5. Modified Fourier–Hankel method
Considering the contradiction between the performances of

accuracy and stability, for both of the methods the value ofα
should be appropriately lowered to ensure the smoothing prop-
erty. The FE method seems more desirable asα can be adjusted
in a more extensive area to control the degree of smoothing,
but due to the oscillation and singularity of the function inthe
integral ofg(ω , r), the inversion matrix in Eq. (3) is difficult
to calculate for data with a large number of points. The FH
method, however, cannot achieve a high accuracy especiallyfor
small sets of data.

It is worth noting that the FH method with the smoothing
factorα is equivalent to the Fourier–Hankel transform in Eq. (9)
being discretized for a source with the radiusR being extended
to R/α and with the high frequencies of the Fourier transform
of the projected intensities being dropped. Thus it is desirable
to modify the FH method as

ε(r i) =
α2π
2nR

n−1

∑
j=−n

I(x j)
bn/αc
∑
k=1

k J0(
α ikπ

n
)cos(

α jkπ
n

), (23)
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Fig. 5. Comparison of distributions of the theoretical emission coefficients
and the values inverted using the FE and FH methods with (a) the value of
I1(1/2) decreased to 0.95I1(1/2) to simulate the noise in the experimental
data, and (b) intensities ofI2(x) added normally distributed random noise
with a standard deviationS= 0.005. The values ofα for the FE and FH
methods are, 1 and 0.1, respectively. Results of the FH method are offset
from the original positions for clarity.

wherebxc denotes the nearest integer less than or equal tox.
The change of the upper limit of the second summation ensures
that the truncation error is small for data with very limited
points. The value ofα should be small enough to ensure that
the error owing to the difference betweeng(ω , r) andJ0(ωr)
is negligible, as shown in Fig. 2.

The modified Fourier–Hankel (MFH) method was tested
with a small set of data calculated from Eq. (13). Fig. 6 shows
the results inverted with the FH method and the modified form
of Eq. (23). The emission coefficients obtained with the FH
method were greatly distorted due to the over-smoothing of
noise with too small a value ofα, while the MFH method suc-
cessfully reconstructed the original emission distribution with
very small errors. Note thatα = 0.1 was chosen for the inver-
sion. This small value ofα leads to a negligible difference be-
tweeng(ω , r) andJ0(ωr). At the same time, the Fourier com-
ponentsn+ 1∼ bn/αc were reserved, which ensures that the
intensity profile can be more accurately approximated with the
cosine basis functions. Thus the modified method can achieve
a very high accuracy even for such sparse data.

The modified method was also tested using the functions
[10]

εk(r) = (1− r2)k, 0 6 r 6 1. (24)

Some of these functions withk varying from 1 to 20 are shown
in Fig. 7. Standard deviations of the inversion for these func-
tions were calculated for the new algorithm and the FE and FH
methods. The results are listed in Table 1. It is clear that the
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Fig. 6. Comparison of distributions of the theoretical emission coefficients
and the values inverted with the FH method and its modified form Eq. (23).
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Fig. 7. Distribution of functionsεk(r) = (1− r2)k for a range ofk.

result of the FH method is the worst. But fork 6 5, the MFH
method is even more accurate than the FE method. This is be-
cause the truncation error of the MFH method is smaller than
that of the FE method. When the value ofk becomes larger,
the derivative at the boundary of the functionεk(r) decreases
and the truncation error becomes smaller. Therefore, wth the
increase ofk, the inversion error for all the methods decreases.
Besides the truncation error, the MFH method has another er-
ror due to the difference betweeng(ω , r) andJ0(ωr), which is
relatively small asα = 0.01 was chosen. This error limits the
accuracy in which the MFH can be achieved, so for largek the
FE method is a little superior. Such errors in the FH method
can be reduced with a small value ofα which, however, will
rapidly increase the truncation error.

From these examples it is seen that the modified algorithm
indeed greatly reduced the errors that are dominant in the FH
method. The MFH method is not only accurate either for large
or small sets of data, but also fast and easy to calculate, andthe
smoothing procedure can be implemented in the reconstruction,
which makes the inversion process even faster. Therefore, it
is desirable to replace the FE and FH methods with the MFH
method for data inversion.

6. Conclusions

Accuracies of the discrete FE and FH methods have been
compared and analyzed. The FE method is very accurate even
for a small set of data, while the FH method appears to have sys-
tematic negative errors. Both matrix forms of the methods have
errors caused by the discretization of the continuous Fourier
transform and the truncation of the series expansion. In most
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Table 1
Comparison of standard deviationsσ for the reconstruction of functions
εk(r) = (1− r2)k for different k using the Fourier expansion, Fourier–Hankel,
and modified Fourier–Hankel methods.

Fourier Expansion Fourier–Hankel Modified Fourier–Hankel

k α = 1 α = 1 α = 0.01

1 1.09E-02 2.83E-01 5.71E-03

2 9.98E-04 1.75E-01 4.37E-04

3 2.54E-04 1.26E-01 5.21E-05

5 2.23E-05 8.15E-02 7.00E-06

10 6.29E-07 4.31E-02 3.73E-06

20 1.14E-07 2.22E-02 1.96E-06

cases, the former is negligible and the latter is important only
for inversion with very limited data points. For the FH method,
however, the significant error is due to the difference between
the functionsg(ω , r) andJ0(ωr). For large sets of data the in-
version error of the FH method can be reduced by adjusting the
smoothing factorα to a small value, i.e., increasing the radius
of the source. However, for poorly sampled data, this will po-
tentially distort the original distribution of the intensities and
thus increases the inversion error.

Though the FE method has a high accuracy, it is very sen-
sitive to noise and the inversion matrix is difficult to calculate,
which restrict its application; a smoothing procedure mustbe
implemented when it has been used. The FH method can only
be considered when applying it to data with a large number of
points by using a small value ofα. Considering the weak points
of the two methods, a modified Fourier–Hankel method has
been proposed, which is accurate, computationally efficient and
easy to control the smoothing degree of noise in the inversion.
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